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Abstract: Hyperspectral image classification is a challenging and significant domain in the field
of remote sensing with numerous applications in agriculture, environmental science, mineralogy,
and surveillance. In the past years, a growing number of advanced hyperspectral remote sensing
image classification techniques based on manifold learning, sparse representation and deep learning
have been proposed and reported a good performance in accuracy and efficiency on state-of-the-art
public datasets. However, most existing methods still face challenges in dealing with large-scale
hyperspectral image datasets due to their high computational complexity. In this work, we propose
an improved spectral clustering method for large-scale hyperspectral image classification without
any prior information. The proposed algorithm introduces two efficient approximation techniques
based on Nystrom extension and anchor-based graph to construct the affinity matrix. We also
propose an effective solution to solve the eigenvalue decomposition problem by multiplicative
update optimization. Experiments on both the synthetic datasets and the hyperspectral image
datasets were conducted to demonstrate the efficiency and effectiveness of the proposed algorithm.

Keywords: spectral clustering; hyperspectral image classification; remote sensing; manifold learning;
unsupervised learning

1. Introduction

Hyperspectral images (HSIs) contain information on hundreds of continuous narrow spectral
wavelengths, which are collected by aircrafts, satellites, and unmanned aerial vehicles in each
HSI pixel [1-4]. Since HSIs reflect rich spectral and spatial resolution, they offer the potential to
discriminate more detailed classes and provide even broader applications for land-over classification
and clustering [5-8]. To a certain extent, dealing with HSIs is difficult because the numerous spectral
bands significantly increase the computational complexity and the noise in HSIs can badly influence the
classification accuracy [9,10]. The existing work reported by most scholars can be roughly divided into
two categories according to whether a certain number of training samples are required, as demonstrated
in [11,12]: (1) supervised learning named HSI classification; and (2) unsupervised learning named
HSI clustering. In the literature, many HSI classification algorithms have been proposed and they
have achieved excellent performances. One popular method for HSI classification is to first use
dimension reduction and then follow a classifier such as support vector machines [13,14]. Due to the
noises and redundancy among spectral bands, many feature extraction, band selection and dimension
reduction techniques have been developed in the past years. Some representative work, such as
principle component analysis [15] and feature-selection algorithm [16,17], are also widely applied in

Remote Sens. 2019, 11, 399; doi:10.3390/rs11040399 www.mdpi.com/journal /remotesensing


http://www.mdpi.com/journal/remotesensing
http://www.mdpi.com
https://orcid.org/0000-0002-7028-4956
http://dx.doi.org/10.3390/rs11040399
http://www.mdpi.com/journal/remotesensing
http://www.mdpi.com/2072-4292/11/4/399?type=check_update&version=2

Remote Sens. 2019, 11, 399 2 of 21

HSI classification. Kernel-based algorithms such as SVM and its variants [14] have been shown to
improve performance [18]. Sparse representation [19] has also been introduced to the task of HSI
classification. Newly raised deep learning techniques [20] have proved to be useful for supervised
HSI classification.

HSI classification based on supervised methods provides excellent performance on standard
datasets (e.g., more than 95% of the overall accuracy) [21]. However, the reported HSI classification
algorithms require a certain number of high quality samples to obtain an optimal model. Recently,
many researchers noticed that it is expensive or even impossible to collect enough labeled training
data in some cases, and some recent work pay more attention to the problem of “small sample
size” and present encouraging results, e.g., semi-supervised learning [22], active learning [23],
domain adaptation [24], and tensor learning [25]. Although these methods could achieve similar
classification results as supervised ones while using fewer training samples, they are still supervised
methods that require high quality training samples to learn the classification model. On the contrary,
clustering-based techniques require little prior knowledge and can be considered as data preprocessing
methods to provide necessary reference information regarding supervised classification, target
detection, or spectral unmixing. Therefore, unsupervised HSI classification is an extremely important
techniques and has attracted significant attention in recent years. Wang et al. [26] illustrated that
the existing algorithms can be coarsely divided into the following four categories: (1) Centroid-based
clustering methods, such as k-mean [27] and fuzzy c-means [28], minimize the within cluster sample
distance, but are sensitive to initialization and noise, and cannot provide a robust performance.
(2) Density-based methods include the clustering by fast search and find the density peak algorithm [29],
the density-based spatial clustering of applications with noise [30], and the clustering-in-quest
method [31], which are not suitable for HSIs as it is difficult to get the density peak in the sparse feature
space. (3) Biological clustering methods include the artificial immune networks for unsupervised
remote sensing image classification [32] and the automatic fuzzy clustering method based on adaptive
multiobjective differential evolution [33]. Their results are not always satisfactory because biological
models do not always exactly fit the characteristics of HSIs. (4) Graph-based methods, such as spectral
clustering [34,35], perform well in the task of unsupervised HSI classification but most of them take
too much time on the eigenvalue decomposition and the affinity matrix.

In general, the accuracy of the existing unsupervised HSI classification algorithms are far from
satisfactory compared to the supervised techniques due to the uniform data distribution caused by the
large spectral variability. In this paper, we focus on the family of graph-based clustering algorithms
(i.e., spectral clustering algorithms) [36,37]. Compared with other clustering techniques, spectral
clustering has good performance in dealing with irregularly-shaped clusters and gradual variation
within groups. In general, spectral clustering performs a low-dimension embedding of the affinity
matrix followed by a k-means clustering in the low-dimensional space [38]. The utilization of graph
model and manifold information makes it possible to process the data with complicated structure.
Accordingly, algorithms based on spectral clustering have been widely applied and shown their
effectiveness in the task of HSI processing. Although the spectral clustering methods have performed
well, it would be too expensive to calculate the pairwise distance of enormous samples and difficult to
provide an optimal approximation for eigenvalue decomposition in dealing with a large affinity matrix.
In the clustering process, the complexity mainly arises from two aspects. First, the storage complexity
of the affinity matrix is O(n?) and the corresponding time complexity is O(n2d). The second is the
eigenvalue decomposition of Laplacian matrix, which is O(n2c) time complexity. Note that 1, d, and ¢
are the number of pixels, feature dimensions, and classes of HSI, respectively. It is obvious that high
spatial resolution (i.e., number of pixels 1) is a major constraint to apply spectral clustering to real-life
HSI applications. In our experiments, spectral clustering techniques can be applied to small-scale
HSI datasets such as Samson, Jasper, SalinasA, and India Pines, as these datasets contain only about
10,000 pixels. However, along with the increase of spatial resolution of HSIs, it could be unacceptable
for the large-scale HSI datasets including Salinas, Pavia University, Kennedy Space Center, and Urban,
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which contain about 100,000 pixels, because of the rapid growth of the storage and time complexity of
affinity matrix construction and eigenvalue decomposition of Laplacian matrix.

To alleviate the above problem, several improved spectral clustering methods have been proposed
for large-scale HSIs with high spatial resolution. An efficient way to get low-rank matrix approximation
based on Nystrom extension has been widely applied in many kernel based clustering task [39,40],
and recent studies have shown good performance in the task of HSI processing [41,42]. Another
method proposed by Nie et al. [43,44] constructs anchor-based affinity matrix with balanced k-means
based hierarchical k-means algorithm. Wang et al. [26] improved the anchor-based affinity matrix
by incorporating the spatial information. Meanwhile, Nonnegative Matrix Factorization (NMF)
technique [45,46] and its variants also provide an efficient solution for HSI classification. Motivated
by the existing approaches, we propose an improved spectral clustering based on multiplicative
update algorithm and two efficient methods for affinity matrix approximation. In general, the spectral
clustering problem can be solved by the standard trace minimization of the objective function and we
propose an efficient resolution though multiplicative update optimization according to the derivative
of the objective function. Meanwhile, the nonnegative constraint and the orthonormal constraint
provide a better indicator matrix and this makes it easier to get a robust clustering result by the
later processing such as k-means. Furthermore, the anchor-based graph and the Nystrom extension
are introduced to improve the computational complexity by affinity matrix approximation for the
large-scale HSIs. There are three main contributions of this work:

1. An novel multiplicative update optimization for eigenvalue decomposition is proposed for
large-scale unsupervised HSIs classification. It is worth noting that the proposed method can be
easily portable to the variants of spectral clustering methods with different regularization items
only if the constraints are convex functions.

2. Two affinity matrix approximation techniques, namely the anchor-based graph and the Nystrom
extension, are introduced to improve the affinity matrix by sampling limited samples (i.e., pixels
or anchors).

3. Comprehensive experiments on the HSI datasets illustrated that the proposed method achieved a
good result in terms of efficiency and effectiveness, and the combination of multiplicative update
method and affinity matrix approximation provided a better performance.

The rest of this paper is organized as follows. Section 2 provides notations and a brief view
of the general spectral clustering algorithm. Next, we present the motivation and formulate the
proposed multiplicative update algorithm. Furthermore, an effective multiplicative update method for
eigenvalue decomposition is presented in Section 3. To further improve the computational complexity
of affinity matrix, we introduce two efficient approximated techniques in Section 4. The experimental
results including performance analyses, computational complicity and parameter determination are
given in Section 5. Section 6 concludes this paper.

2. Overview

We begin by reviewing the classical spectral clustering algorithm, and before going into the details,
we firstly introduce the notation.

2.1. Notation

In this part, we define some notation to make sure that the mathematical meaning of the proposed
method can be formulated clearly. The pixels of HSIs can be considered as {x; € RY,i=1,2,.., n}
where d is the dimensionality (i.e., the number of spectral bands). Let {y1,y1,...,yc} C R be the
indicator vectors of the pixels {xq,x1, ..., X, }, respectively. Here, y; = [y;1,¥i2, ..., Vic], where c is the
predefined number of clusters, and the indicator vectors y;; = 1 if and only if x; belongs to the jth
cluster and y;; = 0 otherwise. Denote Y = iyl yl,..yl]T € R"™¢, and Y > 0 indicates that the
whole elements of Y are nonnegative. The affinity matrix is denoted by W and the Laplacian matrix
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is denoted by L. The corresponding trace can be denoted by Tr(W) and the Frobenius norm of W is
denoted by ||W/||r. The detailed notations are summarized in Table 1 and we explain the meaning of
each term when it is first used.

Table 1. Notation.

Affinity (or similarity) matrix
Diagonal matrix

Laplacian matrix

Cluster indicator matrix
Cluster indicator

Pixels (or data points)
Identity matrix

Number of pixels

Number of chosen pixels (or anchors)
Number of spectral bands
Number of classes

ORI I ~Xx<Y <®-UOS

2.2. Normalized Cuts Reuvisit

A set of samples (i.e., pixels) {xj,xz,..,xy} can be considered as an undirected graph
G = {Vertices, Edges}. Each vertex represents a sample x; and the edge is aligned by their similarity.
In general, the corresponding affinity (or similarity) matrix W can be denoted as

~IIx—x;13

Wj=e 22 , ij=12..n, )

where ¢ is the width of the neighbors, W is a symmetric matrix and W;; is the affinity of samples x; and
x;j. Let A and B represent a bipartition of Vertices, where AU B = Verticesand ANB = @. Let cut(A, B)
denotes the sum of the weights between A and B as cut(A, B) = ¥;c 4 jep Wij- The volume of a set is
defined as the sum of the degrees within that set: vol(A) = Y ;c 4 D;; and vol(B) = Y_;cp D;;, where
D;; = Z]- Wi;j. The normalized cut between A and B can be considered as follows:

_cut(A,B) | cut(A,B) 2cut(A, B)

NCUH(A,B) = =y ¥ “Vol(B) ~ vol(A)[[vol(B)’ @

where || is the harmonic mean. According to [47], an optimal resolution of NCut(A, B) can be provided
by solving the minimization of the following equation

y' (D - W)y

S Dy " miny’D~2(D — W)D " zy, 3)

min
where D is the diagonal matrix with elements D;; = Zj W;;. y is the indicator vector, where y;; = 1 if
and only if x; belongs to the jth cluster and y;; = 0 otherwise.

According to spectral graph theory, an approximate resolution of Equation (3) can be considered
as thresholding the eigenvector corresponding to the second smallest eigenvalues of the normalized
Laplacian L as follows:

L=D }(D-W)D :=1-D WD 2, (4)

Shi and Malik [47] illustrated that the normalized Laplacian matrix L is positive semidefinite even
when W is indefinite. Its second smallest eigenvalue lies on the interval [0, 2] so the corresponding
eigenvalues of D~ 2WD~ 2 are confined to lie inside [—1, 1]. Considering the case of multiple group
clustering where ¢ > 2, Equation (3) can be rewritten as

min Tr(YTLY), (5)
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where YTY = I .and Y is the indicator matrix. This can be solved by the standard trace minimization
problem according to the normalized spectral clustering proposed in [47]. The solution Y consists of
the top c eigenvectors of the normalized Laplacian matrix L as columns.

However, there are two tough problems to get an efficient and effective solution by using the
classical spectral clustering technique: one is the eigenvalue decomposition of the Laplacian matrix
L, which takes O(n?c) time complexity, and the other one is the storage and time complexity of
the affinity matrix, which are O(n?) and O(n?d), respectively. It is obvious that either of the above
problems can be an unbearable burden with the increasing of the number of samples. To alleviate
the above problem, motivated by the recent work such as Nystrom extension, anchor-based graph
and nonnegative matrix factorization, we propose a novel approach to solving the large-scale and
high-dimensional HSI clustering (or unsupervised HSI classification), and the detailed demonstration
are presented in the following sections.

3. Improved Spectral Clustering with Multiplicative Update Algorithm

In this section, we propose an multiplicative update algorithm to get an efficient resolution
of the eigenvalue decomposition of the Laplacian matrix L. We firstly present the formulation and
our motivation, and then a novel resolution for spectral clustering based on multiplicative update
algorithm is proposed in Section 3.2.

3.1. Formulation and Motivation

In general, a multigroup spectral clustering problem (i.e., ¢ > 2) can be considered as a
minimization of the following equation:

min Tr(YTLY) + A|[YTY — 1|3, (6)

where A > 0 is the Lagrangian multiplier and ||YTY — I||2 is the item for orthonormal constraint.
However, Equation (6) is still a non-smooth objective function, thus it is difficult to obtain an efficient
resolution by solving the eigenvalue decomposition of the Laplacian matrix L. Motivated by NMF,
which has excellent performance in dealing with clustering by relaxation technique, we relax the
discreteness condition and propose an multiplicative update optimization to solve the eigenvalue
decomposition, the details of which are illustrated in the next section.

3.2. Multiplicative Update Optimization

Spectral clustering cannot provide an efficient resolution since it would be too expensive to get
an optimal approximation for eigenvalue decomposition in deal with large-scale datasets. Motivated
by the recent work on NMF, we introduce the nonnegative constraint for indicator matrix as Y
where Y;; > 0. Moreover, the traditional spectral relation approaches relax the indicator matrix Y
to orthonormal constraint as YTY = I. According to a recent work [48], if the indicator matrix Y is
orthonormal and nonnegative simultaneously, only one element is positive and the others are zeros in
each row of Y. Note that we can get an ideal indicator matrix Y as defined in Section 2.1 by considering
the above two constraints: Y > 0 and Y'Y = I. The above constraints are significant, which can help
us to solve the eigenvalue decomposition in a more efficient way and this is also easy to implement.

By relaxing the discreteness condition and considering the above two constraints, Equation (6)
can be rewritten as

minTr(YTLY) + A(YTY — 1) = min Tr(YTLY) + ATe (Y'Y — DT (YTY - 1)), @)

where Y > 0. Equation (7) can be considered as the cost function and we try to find an optimal
resolution of minimization. The derivation of Equation (7) is

LY +2AYYTY —22Y, (8)
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where L = I — D~ WD~ 7 and Equation (8) can be rewritten as

(I- D ZWD 7)Y +2AYYTY — 21Y
—Y-—D WD 2Y +2AYYTY — 21Y )
—(Y+2AYYTY) - (2AY + D 2WD " 7Y).

In this case, the derivation of Equation (7) is divided into two parts. Both Y + 2AYYTY and
2AY + D’%WD’%Y are nonnegative matrices since’ Y > 0, D > 0, and W > 0. For convenience,
we denote the former factor as Q = Y + 2AYYTY and the latter factor as P = 2AY + D 2WD™?Y.
According the multiplication update rule for standard NMF algorithm [49], we can get the minimization
of the cost function in Equation (7) by updating Y as follows:

Y~ YoPQQ, (10)

where o and © denote Hadamard product and Hadamard division (i.e., element-wise multiplication
and division), respectively, and Y;; < Y;; - P;;/Q;;. Then, we can get a optimal resolution until the cost
function converge and the implement details are presented in Algorithm 1. Since only one element is
positive and the others approximate zero in each row of the indicator matrix Y, it can be considered as
a nearly perfect indicator matrix for clustering representation.

Algorithm 1: Algorithm to solve the problem in Equation (6).

Input: Hyperspectral image datasets X.
Output: Indicator matrices Y and clustering result S.
Initialize indicator matrix randomly such that Y > 0.
Choose m samples in X:
(a). If using Nystrom extension, calculate the matrices A and B by Equation (17).
(b). If using anchor-based graph, calculate the matrix Z according to Equation (26).
while Equation (6) not converge do
1. Update numerator matrix P and denominator matrix Q:
(a). If using Nystrom extension, update P and Q with A and B by Equation (19).
(b). If using anchor-based graph, update P and Q with Z by Equation (28).
2. Update the indicator matrix Y according to Equation (10):

[Py
Yij = Y,’j le]]
end

Input Y to k-means to get the clustering result S.

4. Approximated Affinity Matrix

To further improve the time and storage complexity of computing affinity matrix to make the
spectral clustering algorithm available for large-scale datasets such as HSIs, we introduce anchor-based
graph and Nystrom extension to approximate the original affinity matrix with limited samples.

4.1. Affinity Matrix with Nystrom Extension

The Nystrom extension is a technique for finding numerical approximations to eigenfunction
problems and the detailed illustration can be found in [50]. It allows us to extend an eigenvector
computed for a set of sample points to arbitrary samples x with the interpolation weights.
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Inspired by [47], the affinity matrix considers both the brightness value of the pixels and their
spatial location, and we can define the similarity of two samples x; and x; as

12
—ll=1;115 7\\xl-—xj\\%

Wi=e T . 2% (11)

where 1; and 1; are the spatial locations of the HSI’s pixels. ¢; and 0y are the bandwidth of neighboring
pixels and these parameters are sensitive to different HSIs. To alleviate this problem, Zhao et al. [35]
introduced an adaptive parameter and we can define 7; and 7y as

21 ¢y 2
0r =3 Yo Y L =13,
i=1j=1
. | o . (12)
0y = 5 Yo Y lIxi — x5
i=1j=1
and Equation (11) can be presented as
S gl
wij =e 20} e W% (13)

where the parameter a controls the neighbor of affinity matrix.

For uniformity in notation, the affinity matrix A is similarity defined by Equation (11) of m chosen
samples. The affinity matrix of the remaining n — m samples and the chosen samples are denoted as B.
C is the affinity matrix for the remaining samples. The affinity matrix W can be rewritten as

wzlA B\ (14)

BT C

where A € R"™*™, B ¢ R™*(*=m) and C € R*=m)x(=m) ' According to the Nystrom extension, C can
be denoted by C = BT A~!B and the approximated affinity matrix W can be formulated as

~ |A B AL,
W= lBT BTA"'B| lBT]A [A B}' (15)

We can find that the size of this norm is governed by the extent to which C is spanned by the
rows of B, and the Nystrom extension provides an approximation to the entire affinity matrix with
only a subset of rows or columns.

To extend the above matrix form of Nystrom method to NCut, we need to calculate the row sum
of matrix W. However, it is possible without explicitly evaluating the sub-matrix BT A~!B since

d=W1= (16)

BT1,, + BTA-1B1,

Al, + B1, ]

where A1,, and B1, are the row sum of matrix A and A and BT1,, is the column sum of matrix B.
Then, the matrix A and B can be formulated as

Ajj ,
dyd,; -
B, <
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and we can get the normalized affinity matrix D :WD": (refer to Equation (15)) as before; thus,
we can get
A

D WD 2 — a7

Al [A B] ) (18)

where A and B are from Equation (17). However, the elements of D~ :WD~2 can be negative since
the matrix A~! may contain negative elements. However, we have to keep D WD 2 > 0 to
satisfy the constraints of the proposed multiplicative update algorithm. Because of this, we denote
A" = (JA|+A)./2and A~ = (|A| — A)./2, where we can find that A™ is the positive part of A and
A~ is the negative part of A. Note that both A" and A~ are negative matrix and P and Q can be
formulated as

P— ]‘;T A* [A B} Y +21Y,
(19)
Q= ];AT A~ {A B} LY +20YYTY.

4.2. Affinity Matrix with Anchor-Based Graph

The anchor-based graph was proposed by Zhu et al. [43] for large-scale data clustering problem.
It makes the label prediction function a weighted average of the labels on a subset of anchor samples.
If one can infer the labels of other unlabeled samples, they are easily obtained by a simple linear
combination. As such, the label prediction function f(-) can be represented by a subset A = {:;1]-}]’-”:1 C

RP in which each a;j acts as an anchor sample,
m
fxi) =Y Zijf(aj), (20)
j=1

where Z is the data-adaptive weight matrix which measures the similarity between samples and
anchors. We define two vectors F = [f(x1), f(x2), ..., f(xx)]T and F, = [f(a1), f(az2), ..., f(an)]T,
thus Equation (20) can be rewritten as

F=ZF,,Z c R"", m <« n. (21)

This formula reduces the solution space of unknown labels from large F to smaller F,.

The first problem of anchor-based graph construction is how to choose the anchors. In general,
the anchors can be considered as random samples or representative samples such as k-means clustering
centers. Random selection chooses m anchors by random sampling from samples with computational
complexity O(1). However, the randomly chosen samples cannot guarantee that the approximated
affinity matrix is always robust. Liu et al. [51] suggested using k-means clustering centers as anchors
instead of randomly chosen samples since the k-means clustering centers have a robust representation
power to adequately cover the whole data. However, the computational complexity of k-means is
O(ndmt), where t is the number of iterations.

The second problem is how to design a regression matrix Z that measure the underlying
relationship between the whole samples and the chosen anchors. Liu et al. [51] proposed a method
named Local Anchor Embedding (LAE) to reconstruct the regression matrix, where {aj, a, ..., an }
denote the chosen anchors and K(-) is a given kernel function with bandwidth parameters:

K(Xi, a])

7. —
T Yew, K(xi ag)

V) € @ (22)
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The notation ®; C [1,2, ..., m] is the set saving the indexes of s nearest neighbors of x; in A, and the
Gaussian kernel K(x;,a;) = exp(—/|[x; — aj] 2/207) is adopted for the kernel regression. However,
the kernel-based methods need an extra parameter (i.e., bandwidth ¢). Nie et al. [27] adopted a
parameter-free yet effective neighbor assignment strategy and they obtained the ith row of Z by

solving following problem:
m

_min |Ixi — aj115Zi; + vZ5, (23)
Z; 1:1,Zi20j 1

where Z] denotes the ith row of Z and 1 is the regularization parameter. Note that Equation (23) does
not consider the spatial information of HSIs, which may result in some isolated pixels appearing in the
clustering HSI due to the existence of noise, outliers, or mixed pixels. Recent studies incorporate the
spatial information by directly modifying the cost function in Equation (23) as follows:

m
min |Ixi — a;|[3Zij + Bl|xi — ajl 3Zij + vZZ, (24)
z[1=1,Z;>0 ;5
where X; is the mean of the neighboring pixels lying within a window around x; and the parameter «
controls the tradeoff between hyperspectral information and spatial information. Let dj; = [|x; — u;| |2
and dg- = [|x; — uj|3, and denote d; € R™ a vector with the jth element as d;; = dj; + ﬁdf_; It is
obvious that Equation (24) can be rewritten in vector form as

) 1
HélinHZi + EdiH%f (25)
where ZI1 = 1 and Z; > 0. Following y Nie et al. [43], the parameter 7 can be denoted by
¥ =1(s/2)djs41 —(1/2) ;:1 d;j, and the resolution of Equation (25) is

diir —ds
Zij _ ik+1 . ij ‘ 26)
kdij1 — Xj—q dij

For the detailed deviation, see [27]. After we get the regression matrix Z, the affinity matrix W
can be obtained as
W=2zA1ZT, (27)

where A is a diagonal matrix, the jth entry is defined as }I' ; Z;; and W is symmetric positive
semidefinite and doubly stochastic. Not that ZiTl = 1land Z; > 0, and it can be verified that
W is a double stochastic matrix and /Wi]' > 0. More importantly, the approximated matrix W is
automatically normalized and we can find that W = D~ 2WD~ 2. In this case, the Laplacian matrix L
can be considered as L = I — W and we can rewrite P and Q as follows:

P=2AY+2ZA'ZTY

28
Q=Y+2AYYTY (28)

5. Experiments

In the experiments, we verified the performance of the proposed unsupervised HSI classification
algorithm on both synthetic datasets and HSI datasets, and then showed several useful analysis.
The synthetic benchmark datasets were three sets of data with manifold structure and the HSI datasets
are several hyperspectral images (i.e., Salinas, Pavia University, Kennedy Space Center, Samson, Indian
Pines, Urban and Japser).
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5.1. Experimental Datasets

We conducted experiments on eight widely used hyperspectral datasets:

Salinas and Salinas-A were acquired by the 224-band AVIRIS sensor over Salinas Valley, California,
and characterized by high spatial resolution (3.7-m pixels). Salinas covers 512 lines by 217 samples
at as scale of 512 x 217. Salinas ground truth contains 16 classes. Salinas-A is an small subscene
of Salinas image and it comprises 86 x 83 pixels located within the same scene at [samples, lines]
=[591-676, 158-240] and includes six classes.

Pavia University is the scene collected by the ROSIS sensor during a flight campaign over Pavia,
northern Italy. The number of spectral bands is 103 for Pavia University. Pavia University
is a 610 x 610 pixels image, where some pixels contain no information and these samples are
discarded. Both hyperspectral image ground truths differentiate nine classes.

Kennedy Space Center was acquired by the NASA AVIRIS instrument over the Kennedy Space
Center (KSC), Florida, on 23 March 1996. They acquired data in 224 bands of 10 nm width
with center wavelengths from 400 to 2500 nm and 176 bands were used for the analysis.
KSC hyperspectral image contains 512 x 614 pixels. For classification purposes, 13 classes
representing the various land cover types that occur in this environment were defined for the site.
Samson dataset is an image with 95 x 95 pixels and each pixel was recorded at 156 channels
covering the wavelengths from 401 nm to 889 nm. The spectral resolution is high up to 3.13 nm
and it is not degraded by blank or noisy channels. There are three targets in this image: Soil,
Tree and Water.

Japser Ridge is a hyperspectral image with 100 x 100 pixels. Each pixel was recorded at
224 channels ranging from 380 nm to 2500 nm. The spectral resolution is up to 9.46 nm. There are
four end-members latent in these data: Road, Soil, Water and Tree.

Urban has 210 wavelengths ranging from 400 nm to 2500 nm, resulting in a spectral resolution
of 10 nm. There are 307 x 307 pixels, each of which corresponding to a 2 x 2 m? area. There are
three versions of the ground truth, which contain 4, 5 and 6 end-members respectively, and are
introduced in the ground truth.

Indian Pines was gathered by AVIRIS sensor in northwestern Indiana and consists of
145 x 145 pixels and 224 spectral reflectance bands. The Indian Pines scene contains two-thirds
agriculture, and one-third forest or other natural perennial vegetation. The ground truth available
is designated into sixteen classes and we reduced the number of bands to 200 by removing bands
covering the region of water absorption.

5.2. Evaluation Metrics

In the experiments, we evaluated the clustering results by Purity (P.) and Normalized Mutual

Information (NMI).

P. is the most common metric for clustering results evaluation and it can be formulated as

~ 1 ~
Purity(Q, Q) = - Zmax 1 N QY (29)
i ]
1

where () is the clustering result set and Qs the ground truth. The worst clustering result is very
close to 0 and the best clustering result has a purity value equal to 1.
NMI is a normalization of the mutual information score to scale the results between 0 and 1 as

c c . Mij
Y1 Z]‘:1 ”z,]logﬁﬁj

NMI = A
V(S5 nilog ) (554 Alog )

, (30)
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where n; denotes the number of data contained in the cluster C;(1 < i < ¢), 7 j is the number of
data belonging to the £ j (1<j<c),and nj denotes the number of data that are in the intersection
between the cluster C; and the class £ j- The larger is the NMI, the better is the clustering result.

We ran the experiments under the same environment: Intel(R) Core(TM) i7-5930K CPU,
3.50 GHz, 64 GB memory, Ubuntu 14.04.5 LTS system and Matlab version R2014b. We compared
our algorithm with Spectral Clustering (SC), Anchor-based Graph Clustering (AGC), and Nystrom
Extension Clustering (NEC). The corresponding improved algorithms based on multiplicative update
optimization are SC-I, NEC-I, and AGC-L. The affinity matrix of the above algorithms were constructed
in three ways and the detailed description of the above affinity matrix is presented in the next section.

5.3. Toy Example

We firstly explored the performance of our algorithm on three synthetic datasets to verify the
effectiveness of multiplicative update optimization and two approximated affinity matrix matrices.
In this experiment, three synthetic datasets were introduced in our experiment: Cluster in Cluster (CC),
Two Spirals (TS), and Crescent Moon (CM). Figure 1 presents the manifold structure of the synthetic
datasets in detail. These synthetic datasets contain 2000-40,000 data points that are divided into two
groups and they are extremely challenging since clustering algorithms that only consider data point
distance have difficulty obtaining a robust result. The algorithms with spectral graph theory provide
a more powerful technique in dealing with the manifold information. The resolution for spectral
clustering can be divided into two parts: affinity matrix construction and eigenvalue decomposition of
the Laplacian matrix. In this paper, we present three formulations for the affinity matrix construction as

~lxi =13
Euclidean distance : W;; = ¢ 2%
- A w113 ~llui—xjl3
Nystrom extension : W = BT Al [A B} / Aj=e 2 Bj=e 2% , (3]

- dq—d
Anchor-based graph : W = ZA~1ZT, Z;= b T -
kdigi1 — X dij

where x is the whole sample and u is the chosen data points. « is the parameter to control the neighbor
of data points for Euclidean distance and we set & = 10. A is the affinity matrix for anchors (chosen
data points) and B stores the similarity between anchors (chosen data points) and the remaining ones.
d;; denotes the distance between the ith data point and the jth anchor, which can be considered as
chosen data points, and d;q, d;p, ..., d;; are ordered from small to large. According to [27], the parameter
k for anchor-based graph was set to 10, which provided a good performance in most cases. Note that
the last two affinity matrices are the approximated solution for the original affinity matrix. The sample
scale was set to 10, which means we randomly selected one-tenth of data points as the anchors or the
chosen data points.

(a) Cluster in cluster (CC) (b) Two spirals (TS) (c) Crescent moon (CM)

Figure 1. The synthetic datasets.
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Compared with the traditional eigenvalue decomposition of the Laplacian matrix, we propose
a multiplicative update optimization to get a more efficient solution of eigenvalue decomposition.
In our experiments, the number of iterations was about 150 and we obtained good results in most
cases. Besides the above-mentioned parameters, the other parameters of the compared algorithms and
our improved algorithms were tuned to the optimum.

Tables 2—4 present the performance of the above six methods on three synthetic datasets. SC and
SC-1 provided a good clustering result since the corresponding affinity matrix considered the similarity
of the whole data points; however, these two methods also needed more time to calculate the
Euclidean distance among samples. Note that the proposed multiplicative update algorithm delivered a
substantial efficiency increase, taking only half the time to get a similar clustering result. NEC and AGC
had the benefit of the approximated affinity matrix and took only about one-tenth the time, but NEC
was not robust enough to get a stable resolution of the eigenvalue decomposition. Compared with NEC,
the improved algorithm NEC-I provided a better clustering result because of the orthonormal constraint
and nonnegative constraint. AGC performed better than SC and NEC in terms of effectiveness and
efficiency in the experiments, as it utilized the anchor-based affinity matrix, and the proposed AGC-I
also had a good performance.

5.4. HSI Clustering Analysis

In this section, a further study is presented to illustrate the performance of the proposed
multiplicative update algorithm and the efficiency of the approximated affinity matrix mentioned in
Section 4 on several popular hyperspectral image datasets. We followed the experiment setting in the
previous section where the parameter « was set to 10 and the parameter k was set to 10. In addition,
the parameter A was set to 0.5 and the other parameters were tuned to the optimum for fair competition.
Note that the affinity matrix for the hyperspectral image datasets was different from the previous
section because it needed to consider both the brightness value and the spatial information. In this
case, the affinity matrix W can be rewritten as

RS R

wij —e 20((7)2( 20((712 , (32)

where 1 is the pixel location and the parameter a was set to 10 for both the brightness value and
the spatial information. The affinity matrices A and B for NEC were constructed in the same way.
Meanwhile, The affinity matrix for AGC is provided as

W=2zA17T,

7. dijr1 —dj (33)
1] — 7
" kdign — Sho

where d;; = |[x; — u] 2+ ||% — )| |2 and x is the mean of the brightness value around pixel x.
Figure 2 and Table 5 present the experimental results, which were evaluated by Purity and NMI
on the hyperspectral image datasets. We made the following observations:

e  SC and the corresponding improved algorithm SC-I achieved competitive performance in term of
Purity and NMI. However, SC took more time solving eigenvalue decomposition of Laplacian
matrix and our improved algorithm provided a more efficient solution because of the utilization
of the multiplicative update optimization. Meanwhile, it took more time to process India Pines
because of the rapid growth of time complexity of eigenvalue decomposition of Laplacian matrix
caused by the increase of spatial resolution and classes. Note that SC-I, which is based on the
multiplicative update algorithm, slightly outperformed SC in terms of Purity and NM], illustrating
that the nonnegative constraint and the orthonormal constraint provided a better indicator matrix.
This made it easier to get a robust clustering result by the later processing, such as k-means.
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e NEC and AGC are two efficient improved algorithms and they took only one-twentieth the
time in our experiments. Moreover, NEC and AGC could be used on large-scale hyperspectral
image datasets such as KSC and Urban, while SC ran out of memory in dealing with the above
large-scale datasets because of the storage and time complexity of the affinity matrix. However,
the experimental results also illustrate that NEC was not robust enough, which might be because
the affinity matrix A can be indefinite and the inverse matrix contains plural elements, making it
difficult to get a robust clustering result by k-means. Besides NEC, the other methods did not
struggle with this problem, and also provided a better performance than NEC.

e  The proposed NEC-I and AGC-I outperformed the other methods in terms of effectiveness and
efficiency. NEC-I and AGC-I firstly take the advantage of sample techniques including Nystrom
extension and anchor-based graph, which allow them to be used on large-scale hyperspectral
image datasets. Furthermore, the proposed multiplicative update algorithm provided an efficient
resolution for eigenvalue decomposition of Laplacian matrix. The results presented in Table 5
illustrate that NEC-I and AGC-I performed better than NEC and AGC in most cases. The proposed
multiplicative update optimization is flexible and well-knit with the approximated affinity matrix
such as Nystrom extension and anchor-based graph.

0 20 30 40 50 60 70 & 10 20 30 40 50 60 70 80 9

(a) GT (SalinasA) () GT (Samson)

10 20 30 40 50 60 70 80 10 20 30 40 50 60 70 80 90

(e) Result (SalinasA) (f) Result (Japser Ridge) (g) Result (Samson) (h) Result (Indian Pines)

(m) Result (Salinas) (n) Result (Pavia Uni.) (0) Result (Urban) (p) Result (KSC)

Figure 2. HSI ground truth and results.
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Table 2. Clustering results on synthetic dataset (CC).

SC SC-1 NEC NEC-I AGC AGC-I
P. NMI CT P. NMI CT P. NMI CT P. NMI CT P. NMI CT P. NMI CT

Num. =2000 1.00 1.00 1.02 1.00 1.00 0.35 068 025 005 100 100 0.08 100 100 005 100 1.00 0.06
Num. =4000 1.00 1.00 1.45 1.00 1.00 1.35 0.65 0.09 014 100 100 017 100 100 015 1.00 1.00 0.14
Num. =6000 1.00 1.00 3.12 1.00 1.00 2.94 069 026 036 100 100 048 100 100 026 1.00 1.00 0.29
Num. =8000 1.00 1.00 5.53 1.00 1.00 5.23 067 025 068 100 100 081 100 100 056 1.00 1.00 0.54
Num. =10,000 1.00 1.00 9.05 1.00 1.00 787 068 025 081 1.00 1.00 125 100 1.00 069 1.00 1.00 0.86
Num. =12,000 1.00 1.00 13.04 1.00 1.00 11.35 050  0.00 191 1.00 1.00 1.89 1.00 1.00 083 1.00 1.00 1.20
Num. =14,000 1.00 1.00 1839 1.00 1.00 1523 057 002 267 100 100 232 1.00 1.00 113 1.00 1.00 1.62
Num. =16,000 1.00 1.00 2399 100 100 2144 052 000 366 1.00 1.00 3.01 1.00 1.00 133 1.00 1.00 217
Num. =18,000 1.00 1.00 31.05 1.00 1.00 25.00 0.63 0.19 325 100 1.00 442 1.00 1.00 1.85 1.00 1.00 287
Num. =20,000 1.00 100 3952 100 100 3152 069 027 659 100 100 455 1.00 1.00 223 1.00 1.00 4.58
Num. =22,000 1.00 1.00 5036 100 100 4348 050 000 558 1.00 1.00 719 100 1.00 3.06 100 1.00 557
Num. =24,000 1.00 1.00 6255 1.00 100 5281 054 0.00 713 100 100 840 100 100 379 1.00 1.00 6.54
Num. =26,000 1.00 1.00 7638 1.00 1.00 6066 053 000 917 100 100 888 100 100 454 1.00 1.00 7.57
Num. =28,000 1.00 1.00 93.06 1.00 1.00 7078 069 026 1159 100 1.00 1234 083 047 545 1.00 1.00 8.78
Num. =30,000 1.00 1.00 11198 1.00 1.00 8195 074 028 1952 1.00 100 1434 100 100 812 1.00 1.00 10.31
Num. =32,000 1.00 1.00 18278 100 100 9547 059 015 2314 100 100 1563 0.83 048 1001 1.00 1.00 1243
Num. = 34,000 1.00 1.00 21234 100 100 9686 063 020 1735 1.00 100 189 1.00 1.00 1030 1.00 1.00 13.72
Num. =36,000 1.00 1.00 27753 1.00 1.00 10432 051 000 218 100 1.00 1913 1.00 100 3171 1.00 1.00 1441
Num. =38,000 1.00 1.00 34830 100 1.00 11503 050 000 2499 1.00 100 2233 1.00 1.00 2317 1.00 1.00 16.07
Num. =40,000 1.00 1.00 47556 1.00 1.00 138.64 057 012 43.01 1.00 100 2466 1.00 1.00 1809 1.00 1.00 17.70

Average 1.00 1.00 101.85 1.00 100 4911 0.0 013 1017 1.00 1.00 854 098 095 637 1.00 1.00 6.37
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Table 3. Clustering results on synthetic dataset (TS).

SC SC-I NEC NEC-I AGC AGC-I
P. NMI CT P. NMI CT P. NMI CT P. NMI CT P. NMI CT P. NMI CT

Num. =2000 097 0.83 1.01 1.00 0.98 050 050 0.01 008 099 093 017 1.00 100 082 095 071 0.14
Num. =4000 098 0.85 140 098 0.88 192 073 022 038 1.00 096 087 1.00 1.00 040 098 087 024
Num. =6000 097 0.83 295 097 082 398 050 0.00 068 1.00 0.98 1.76 1.00 1.00 087 099 093 043
Num. =8000 097 0.79 541 099 093 740 050 0.00 126 099 094 2.63 1.00 1.00 1.04 1.00 09 097
Num. =10,000 097 0.81 837 099 095 1127 050 0.00 235 1.00 0.95 4.09 1.00 1.00 268 087 045 190
Num. =12,000 0.97 0.79 1339 099 094 1581 050 000 346 099 09 7.65 1.00 1.00 275 095 0.71 241
Num. =14,000 097 0.79 1870 098 089 2061 071 029 501 099 091 1143 1.00 1.00 477 098 087 3.31
Num. =16,000 097 079 2649 083 035 2971 051 003 679 096 0.80 1855 1.00 1.00 568 099 093 4.14
Num. =18,000 097 0.81 3298 099 092 3442 068 025 897 099 095 2036 1.00 100 682 1.00 096 4.03
Num. =20,000 097 082 4303 099 09 4323 050 000 1082 099 093 2361 100 1.00 696 092 059 559
Num.=22,000 097 079 5562 099 093 5266 072 030 1571 099 094 3281 1.00 1.00 11.39 095 0.71 5.30
Num. =24,000 097 080 7202 099 095 6361 052 001 1668 099 093 348 1.00 1.00 1094 098 087 648
Num. =26,000 097 080 8.32 099 094 7283 053 003 2137 099 091 4800 1.00 100 1066 099 093 771
Num. =28,000 097 080 10227 099 09 8375 050 000 258 099 095 5251 1.00 1.00 1199 1.00 096 852
Num. =30,000 097 0.81 14999 1.00 098 9731 051 003 3283 099 094 6445 100 100 1710 1.00 1.00 9.06
Num. =32,000 097 081 19072 099 093 11801 050 000 3824 099 094 7244 1.00 1.00 1838 1.00 0.98 11.40
Num. =34,000 097 081 258.66 098 088 12890 051 003 4700 099 095 7132 1.00 1.00 2432 091 057 12.86
Num. =36,000 097 0.81 35837 098 086 13745 050 000 5182 099 094 8311 1.00 1.00 3024 098 089 1348
Num. =38,000 097 0.80 45932 097 082 16064 050 000 5757 068 010 9487 1.00 1.00 20.89 098 0.04 1544
Num. =40,000 097 081 63623 099 094 20130 050 000 6746 1.00 097 11524 1.00 1.00 3073 1.00 1.00 15.88

Average 097 081 12631 098 089 6427 055 0.06 2072 098 089 38.04 100 100 1097 097 080 646

15 of 21
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Table 4. Clustering results on synthetic dataset (CM).

16 of 21

SC SC-I NEC NEC-I AGC AGC-I

P. NMI CT P. NMI CT P. NMI CT P. NMI CT P. NMI CT P. NMI CT

Num. =2000 1.00 1.00 0.38 1.00 0.98 070 050 0.00 0.09 1.00 1.00 017 056 019 086 1.00 1.00 0.08
Num. =4000 1.00 1.00 134 099 092 243 050 0.00 1.50 1.00 1.00 0.85 1.00 1.00 041 100 1.00 0.29
Num. =6000 1.00 1.00 270 099 0.90 522 0,50 0.00 1.08 1.00 1.00 1.63 1.00  1.00 114 1.00 1.00 0.81
Num. =8000 1.00 1.00 5.71 099 091 964 089 053 1.90 1.00 1.00 3.22 1.00 1.00 213 1.00 1.00 1.48
Num. =10,000 1.00 1.00 846 099 095 1539 050 0.00 3.05 1.00 1.00 5.32 1.00 1.00 220 1.00 1.00 234
Num. =12,000 1.00 1.00 1255 099 095 2176 050 0.01 4.70 1.00 1.00 8.24 1.00 1.00 373 1.00 1.00 3.42
Num. =14,000 1.00 1.00 1824 099 094 2711 050 0.00 847 1.00 100 1249 100 100 374 1.00 1.00 4.64
Num. =16,000 1.00 1.00 2676 093 063 3933 050 0.00 1085 1.00 1.00 1726 1.00 100 450 100 1.00 628
Num. =18,000 1.00 1.00 3421 099 092 4415 090 0.55 1568 100 1.00 2080 1.00 100 651 100 1.00 7.63
Num. =20,000 1.00 1.00 438 099 092 5708 050 000 2138 1.00 100 2560 1.00 1.00 778 1.00 1.00 9.60
Num.=22,000 1.00 1.00 5555 099 094 7223 050 000 2726 1.00 100 3316 1.00 1.00 848 1.00 1.00 11.20
Num. =24,000 1.00 1.00 6945 099 095 8658 068 025 2787 100 1.00 3849 100 1.00 898 100 1.00 1334
Num. =26,000 1.00 1.00 101.07 099 095 9936 050 0.01 4877 100 100 4462 1.00 100 1141 1.00 1.00 15.60
Num. =28,000 1.00 1.00 11492 099 095 11437 050 000 395 1.00 1.00 5530 1.00 1.00 11.83 1.00 1.00 17.92
Num. =30,000 1.00 1.00 14953 1.00 096 13630 091 059 7680 100 1.00 6381 100 1.00 1498 1.00 1.00 21.26
Num. =32,000 1.00 1.00 20987 099 093 15811 085 049 8471 1.00 100 6709 1.00 1.00 16.84 1.00 1.00 27.18
Num. =34,000 1.00 1.00 27050 099 091 16720 050 000 8273 1.00 1.00 7964 1.00 1.00 20.62 1.00 1.00 28.29
Num. =36,000 1.00 1.00 381.08 099 091 181.04 062 004 7613 100 1.00 844 100 1.00 2062 1.00 1.00 30.00
Num. =38,000 1.00 1.00 59483 09 075 22333 077 037 9999 1.00 1.00 100.11 1.00 1.00 2147 1.00 1.00 33.28
Num. =40,000 1.00 1.00 75412 099 093 25865 050 000 10856 1.00 1.00 11993 1.00 1.00 3286 1.00 1.00 36.46
Average 1.00 1.00 14276 099 091 86.00 061 014 3705 100 1.00 3936 098 096 1005 1.00 1.00 13.55
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Table 5. Clustering results on hyperspectral image datasets. The bold numbers represent the best results in terms of purity, normalization of the mutual information
and computational time.

SC SC-1 NEC NEC-I AGC AGC-I
PUL NMI CT PUL NMI CT PUL NMI CT PUL NMI CT PUL NMI CT PUL NMI CT
Samson 085 0.61 657 08 060 577 073 053 010 08 060 017 088 073 019 091 075 0.19
Jasper 083 071 1031 091 o076 643 070 05 003 083 071 011 072 066 009 082 070 014
SalinasA 08 080 477 08 079 431 078 077 006 08 08 017 079 078 010 084 081 0.15
India Pines 036 044 6621 046 046 4537 043 045 053 043 049 129 035 043 058 042 046 146
Salinas - - - - - - 060 072 162 0.62 071 462 056 067 244 056 071 3.55
Pavia Uni. - - - - - - 047 034 134 061 057 334 046 051 340 054 057 3.67
KSC - - - - - - 046 057 116 051 052 597 047 052 610 051 053 648
Urban - - - - - - 040 012 o041 045 021 301 o051 033 114 050 029 312
Average 068 058 2769 074 060 1919 057 051 066 064 058 234 059 058 176 064 060 235
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5.5. Computational Time

Figure 3 lists the computational time on three synthetic datasets. We ran the experiments under
the same environment: Intel(R) Core(TM) i7-5930K CPU, 3.50 GHz, 64 GB memory, Ubuntu 14.04.5 LTS
system and Matlab version R2014b. The methods listed in Figure 3 achieved similar clustering results
when there were fewer than 10,000 data points, and SC and SC-I took more time than the other methods
when there were more than 10,000 data points. Moreover, the computational time grew rapidly along
with the increase of the number of data. The proposed improved algorithm SC-I took only about half
the time with more than 30,000 data points. Compared with the above two methods, NEC, AGC and
the corresponding improved algorithms NEC-I and AGC-I provided better performance in terms of
computational time. Meanwhile, the affinity matrix constructed by the anchor-based graph was better
than the affinity matrix constructed by Nystrom extension, as the anchor-based graph provided a
better way to measure the similarity of data points.
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Figure 3. Cont.
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Figure 3. Computational time on three synthetic datasets.

6. Conclusions

In this paper, we briefly review the classical spectral clustering technique for unsupervised
HSI classification, and two major problems in dealing with large-scale HSI datasets, namely affinity
matrix construction and eigenvalue decomposition of Laplacian matrix. Firstly, we introduce two
efficient affinity matrix approximation methods, namely Nystrom extension and anchor-based graph,
by sampling several HSI pixels. Furthermore, we propose an efficient and effective multiplicative
update algorithm to get a robust resolution of eigenvalue decomposition and the experimental results
also illustrate that the combination of the affinity matrix approximation and the multiplicative update
optimization outperformed the other methods. More importantly, the proposed improved algorithm
provides an efficient solution for large-scale HSI classification where the traditional spectral clustering
have no capability to deal with them.
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